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Abstract. Fre´chet bounds of the 1-st kind for sets ofevents (s.e.) and its main properties are considered.The lemma on not more than two nonzero valuesof lower Fre´chet-bounds of the 1-st kind for a setof half-rare events (s.h-r.e.) is proved with thecorollary on the analogous assertion for s.e’s witharbitrary event-probability distributions (e.p.d’s.).Keywords. Probability, Kolmogorov event, event,set of events, event-probability distribution, set ofhalf-rare events, Frechet bounds of the 1st kind.
In [1] it is shown that any s.e’s are set-phenomenaof some half-rare s.e. And its e.p.d’s are charac-terized by the e.p.d’s of the half-rare s.e’s the set-phenomena of which they are. In view of this, atheory of Fre´chet-bounds of the 1st kind of half-rare s.e’s is being developed in this paper, i.e., thetheory of such s.e’s events of which happen withprobabilities not greater than half. These “non-descript” restrictions are enough to build Fre´chet-bounds for any s.e. from Fre´chet-bounds of thehalf-rare s.e., relying on set-phenomenon transfor-mations of e.p.d’s and of its Fre´chet-bounds of the1st kind.
We will make one more purely technical assump-tion, which does not detract from the generality ofour analysis. We will assume that events in eachhalf-rare s.e. are ordered in descending of theirprobabilities and we introduce the following nat-ural notation and abbreviations for half-rare𝑁 -s.e.
X = {𝑥, 𝑥 ∈ X} = {𝑥1, ..., 𝑥𝑁} and its X-set of prob-abilities of events 𝑝 = {𝑝𝑥, 𝑥 ∈ X} = {𝑝𝑥1 , ..., 𝑝𝑥𝑁 } ={𝑝1, ..., 𝑝𝑁} where
1/2 > 𝑝1 > 𝑝2 > ... > 𝑝𝑁 . (⋆)
1 Properties of Fre´chet-bounds of the1st kind of a half-rare s.e.
Consider the half-rare 𝑁 -s.e. X = {𝑥1, ..., 𝑥𝑁} withthe X-set of probabilities of events 𝑝 = {𝑝𝑥, 𝑥 ∈ X} =
{𝑝1, ..., 𝑝𝑁} where, we recall, 1/2 > 𝑝1 > ... > 𝑝𝑁 ,and the e.p.d. of the 1st kind {𝑝(𝑋//X), 𝑋 ⊆ X}, andFre´chet-bounds of the 1st kind for 𝑋 ⊆ X:
𝑝−(𝑋//X) 6 𝑝(𝑋//X) 6 𝑝+(𝑋//X)
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where
𝑝−(𝑋//X) = max
{︃
0, 1−
∑︁
𝑥∈𝑋
(1− 𝑝𝑥)−
∑︁
𝑥∈X−𝑋
𝑝𝑥
}︃
, (1.1)
𝑝+(𝑋//X) = min
{︂
min
𝑥∈𝑋
𝑝𝑥, min
𝑥∈X−𝑋
(1− 𝑝𝑥)
}︂
(1.2)
are general formulas for the lower and the upperFre´chet-bounds of the 1st kind. They form the setsof Fre´chet-bounds which are called the lower andthe upper Fre´chet-boundary distributions (F.-b.d’s)of the 1st kind:
{𝑝−(𝑋//X), 𝑋 ⊆ X}, {𝑝+(𝑋//X), 𝑋 ⊆ X}.
The upper Fre´chet-bound can be simplified byvirtue of the characteristic property of a half-rares.e. (⋆) since then for non-empty ∅ ≠ 𝑋 ⊆ X
min
𝑧∈𝑋
𝑝𝑧 6 min
𝑧∈X−𝑋
(1− 𝑝𝑧).
We have the formula for non-empty ∅ ≠ 𝑋 ⊆ X:
𝑝+(𝑋//X) = min
𝑧∈𝑋
𝑝𝑧.
If 𝑋 = ∅, then, as is not difficult to understand,
𝑝+(∅//X) = min
𝑧∈X
(1− 𝑝𝑧) = 1− 𝑝𝑥.
From this the formula for the upper Fre´chet-boundof the 1st kind of a half-rare s.e. has the form:
𝑝+(𝑋//X) =
{︃
1− 𝑝𝑥, 𝑋 = ∅,
min
𝑧∈𝑋
𝑝𝑧, ∅ ≠ 𝑋 ⊆ X. (1.3)
and the upper F.-b.d. of the 1st kind has the form:{︂
1− 𝑝𝑥,min
𝑧∈𝑋
𝑝𝑧, ∅ ≠ 𝑋 ⊆ X
}︂
.
With the lower Fre´chet-bounds of the 1st kind ofany half-rare s.e. X the situation is not much morecomplicated.
Lemma 1 (on the lower Fre´chet-bounds of the 1st kind of a half-
rare s.e.). The lower Fre´chet-bound of the 1st kind ofthe half-rare s.e. X with maximum probability of
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events 𝑝max = max
𝑧∈X
𝑝𝑧 = P(𝑥max) can be nonzero for
only two probabilities of the 1st kind: 𝑝(∅//X) and
𝑝({𝑥max}//X).
Proof. From the definition of the lower Fre´chet-bound of the 1st kind of the s.e. X (1.1) and due tothe fact that X is the half-rare s.e., it is clear thatfor 𝑋 ⊆ X such that |𝑋| > 1, it is equal to zero,since in this case there are two such events 𝑥, 𝑥′ ∈ 𝑋that 1 − 𝑝𝑥 > 1/2 and 1 − 𝑝𝑥′ > 1/2. An therefore
1−
∑︁
𝑥∈𝑋
(1− 𝑝𝑥) < 0 and 𝑝−(𝑋//X) = 0. Consequently,
for the arbitrary half-rare s.e. X the lower Fre´chet-bound of the 1st kind can differ from zero only forsuch 𝑋 ⊆ X the power of which is not greater thanunity— |𝑋| 6 1:
𝑝−(𝑋//X) =
{︃
𝑝−(𝑋//X) > 0, |𝑋| 6 1, 𝑋 ⊆ X,
0, |𝑋| > 1, 𝑋 ⊆ X.
Since for the half-rare𝑁 -s.e. X there is only polyno-mial number, 𝑁 + 1, of such subsets then the prob-lem of constructing the lower Fre´chet-bound of the1st kind of a half-rare s.e. we can consider basi-cally solved. After detailing the condition |𝑋| 6 1the formula takes the following form:
𝑝−(𝑋//X) =
=
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
max
{︃
0, 1−
∑︁
𝑥∈X
𝑝𝑥
}︃
, 𝑋 = ∅,
max
⎧⎨⎩0, 𝑝𝑥 − ∑︁
𝑧∈X−{𝑥}
𝑝𝑧
⎫⎬⎭ , 𝑥 ∈ X,
0, |𝑋| > 1, 𝑋 ⊆ X.
Now is just the time, once again take advantageof the fact that X is a half-rare s.e. Quite unex-pectedly it turns out that for the half-rare s.e. Xamong 𝑁 conditions for 𝑥 ∈ X only for the event
𝑥max ∈ X, that happens with maximum probability
𝑝max = max
𝑧∈X
𝑝𝑧 , the expression
𝑝max −
∑︁
𝑧∈X−{𝑥max}
𝑝𝑧
under the sign of maximum can be strictly greaterthan zero. For the rest events 𝑧 ̸= 𝑥max from Xthis expression can be only not greater than zero,since from its non-maximum probability 𝑝𝑧 , sincethe maximum probability and all the rest ones willbe subtracted from it:
𝑝𝑧 − 𝑝max −
∑︁
𝑦∈X−{𝑥max,𝑧}
𝑝𝑦 6 0.
This implies the assertion of the lemma, since weobtain the following formula for the lower Fre´chet-bound of the 1st kind of a half-rare s.e. for 𝑋 ⊆ X:
𝑝−(𝑋//X) =
=
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
max
{︃
0, 1−
∑︁
𝑥∈X
𝑝𝑥
}︃
, 𝑋 = ∅,
max
⎧⎨⎩0, 𝑝max − ∑︁
𝑧∈X−{𝑥max}
𝑝𝑧
⎫⎬⎭, 𝑋 = {𝑥max},
0, ,
(1.4)
and the lower F.-b.d. of the 1st kind has the form:{︀
𝑝−(∅//X), 𝑝−({𝑥max}//X), 0, ..., 0
}︀
where two possibly ono-zero the lower Fre´chet-bounds are defined by the formula (1.4). Thelemma is proved.
Corollary 1 (on the lower Fre´chet-bounds of the 1st kind of an
arbitrary s.e.). The assertion of the lemma is valid notonly for half-rare, but also for arbitrary s.e’s.
Proof follows from the lemma on the characteriza-tion of an arbitrary s.e. by its half-rare projection[1], according to which the e.p.d. of the 1st kind ofan arbitrary s.e., as well as its F.-b.d. of the 1st kindare set-phenomenal renumbering [1] of correspond-ing e.p.d’s and F.-b.d’s of its half-rare projection.
Corollary 2 (on the lower Fre´chet-bounds of the 1st kind of a
half-rare doublet of events). Fre´chet-bounds of the 1st kindof the half-rare doublet of events X = {𝑥, 𝑦} with the
{𝑥, 𝑦}-set of marginal probabilities 𝑝 = {𝑝𝑥, 𝑝𝑦}, suchthat 1/2 > 𝑝𝑥 > 𝑝𝑦 , have the form:
1− 𝑝𝑥 − 𝑝𝑦 = 𝑝−(∅) 6 𝑝(∅) 6 𝑝+(∅) = 1− 𝑝𝑥,
𝑝𝑥 − 𝑝𝑦 = 𝑝−(𝑥) 6 𝑝(𝑥) 6 𝑝+(𝑥) = 𝑝𝑥,
0 = 𝑝−(𝑦) 6 𝑝(𝑦) 6 𝑝+(𝑦) = 𝑝𝑦,
0 = 𝑝−(𝑥𝑦) 6 𝑝(𝑥𝑦) 6 𝑝+(𝑥𝑦) = 𝑝𝑦.
(1.5)
Proof. The formulas (1.5) are an immediate conse-quence of formulas (1.3) and (1.4).
Corollary 3 (on Fre´chet-inequalities for a covariance of the 1st
kind of a half-rare doublet of events). Fre´chet-inequalities fora covariance of the 1st kind of the half-rare doubletof events X = {𝑥, 𝑦} with the {𝑥, 𝑦}-set of marginalprobabilities 𝑝 = {𝑝𝑥, 𝑝𝑦}, such that 1/2 > 𝑝𝑥 > 𝑝𝑦 ,have the form:
−𝑝𝑥𝑝𝑦 6 Kov(∅) 6 (1− 𝑝𝑥)𝑝𝑦,
−(1− 𝑝𝑥)𝑝𝑦 6 Kov(𝑥) 6 𝑝𝑥𝑝𝑦,
−(1− 𝑝𝑥)𝑝𝑦 6 Kov(𝑦) 6 𝑝𝑥𝑝𝑦,
−𝑝𝑥𝑝𝑦 6 Kov(𝑥𝑦) 6 (1− 𝑝𝑥)𝑝𝑦.
(1.6)
Proof follows from the definition of covariance ofthe 1st kind and Corollary 2.
2 The pair illustrations
It is interesting to look at the graphs of F.-b.d’s ofthe 1st kind, in order to “make sure with our owneyes” in the just proven of their amazing proper-ties.
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Figure 1: Standard s.e’s X of small power: 𝑁 = 2, 3, 4, 5, 6, 7 with X-sets of probabilities of events from 𝑝 = {0.45, 0.40} for a doublet to 𝑝 =
{0.45, 0.40, 0.35, 0.30, 0.25, 0.20, 0.15} for septa-plet; At the top of theclose-up is shown again the graph for the half-rare penta-plet X with the
X-set of probabilities of event 𝑝 = {0.45, 0.40, 0.35, 0.30, 0.25}.
One of the concepts that appear on these graphs isthe concept of the independent projection of an arbi-trary s.e. X, by which, recall, we understood a s.e.,e.p.d. of the 1st kind of which is called independente.p.d. (i.e.p.d.) of the 1st kind; it is denoted by
{𝑝⋆(𝑋//X), 𝑋 ⊆ X)}
and it is defined for 𝑋 ⊆ X by formulas
𝑝⋆(𝑋//X) =
∏︁
𝑥∈𝑋
𝑝𝑥
∏︁
𝑥∈X−𝑋
(1− 𝑝𝑥)
where 𝑝𝑥 = P(𝑥), 𝑥 ∈ X, are probabilities of eventsfrom X.
Each of the graphs illustrates the lower and theupper F.-b.d’s and i.e.p.d’s of independent projec-tion of the half-rare s.e. X of low power: 𝑁 =
2, 3, 4, 5, 6, 7 for 𝑋 ⊆ X and different values of the
X-set of probabilities of events 𝑝 = {𝑝𝑥, 𝑥 ∈ X}. For
𝑋 ⊆ X the interval
[ 𝑝⋆(𝑋//X), 𝑝+(𝑋//X) ]
between values of the i.e.p.d. and the upper F.-b.d.is shown as blue, and the interval
[ 𝑝−(𝑋//X), 𝑝⋆(𝑋//X) ]
between values of the lower F.-b.d. and the i.e.p.d.is shown as red.
Subsets of events 𝑋 ⊆ X is denoted by X-sets: 𝑋 ∼
{1𝑋(𝑥), 𝑥 ∈ X} of values of its indicators on X. Forexample, the empty subset ∅ ⊆ X is denoted by the
Figure 2: Standard penta-plet with the X-sets of probabilitiesof events 𝑝 = {0.45, 0.40, 0.35, 0.30, 0.25} and five its set-phenomena: {𝑥1, 𝑥2, 𝑥3, 𝑥4}-phenomenon, {𝑥1, 𝑥2, 𝑥3}-phenomenon,
{𝑥1, 𝑥2}-phenomenon, {𝑥1}-phenomenon and ∅-phenomenon (M-complement).
X-set from zeros: ∅ ∼ {0, ..., 0}, and the s.e. X bythe X-set from units: X ∼ {1, ..., 1}. The horizontaldotted line indicates the scale of the unit interval
[0, 1] along the vertical axis in 1/4.
F The English version of this article was publishedon October 2, 2017. Therefore, my later works [2,3, 4, 5], which expand the themes of this work, areadded to the list of references.
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